Abstract. We describe the determinants of the automorphism groups of hermitian lattices over local fields. Using a result of G. Shimura, this yields an explicit method to compute the special genera in a given genus of hermitian lattices over a number field.
Introduction
An important method to study global fields such as algebraic number fields is to pass to the completions, which are local fields. In case of a number field, the possible completions are the fields of real or complex numbers as well as the p-adic number fields. For such fields many problems are much easier to solve. The famous local-global principle relates properties of global fields to the respective properties of all its completions.
A classical result known as the Hasse principle shows that quadratic or hermitian spaces over a global field K are isometric if and only if they are isometric over all completions of K. The Hasse principle fails to hold for the analogous arithmetic question, i.e. isometry of lattices over number rings. This motivates the definition of the genus of a quadratic or hermitian lattice L as the set of all lattices which are isometric to L locally everywhere. A genus always decomposes into finitely many isometry classes and it is an important algorithmic task to make this decomposition explicit.
To that end, one considers an equivalence relation which is finer then being in the same genus but coarser than being isometric. For quadratic lattices, these intermediate equivalence classes are called spinor genera. The analogue for hermitian lattices were dubbed special genera in [9] . For lattices in indefinite spaces, strong approximation implies that the spinor or special genera consist of a single isometry class. In the case of definite spaces, the decomposition of spinor or special genera into isometry classes can be achieved by computing iterated neighbours as defined by Kneser, cf. Remark 4.8.
So it remains to give a description of the spinor or special genera in a given genus. M. Kneser [6] answered this question for quadratic lattices. His result depends on the local spinor norm groups of these lattices, which he computed at all non-dyadic places. C. N. Beli [1] worked out the local spinor norms at the dyadic places, which makes Kneser's answer explicit.
For hermitian lattices, the question was answered by G. Shimura in [10] . For a lattice L of odd rank, his result only depends of the class group of the underlying number field. If L has even rank however, the answer also depends on the determinants of the local automorphism groups of L and he worked out those groups at all but the ramified dyadic places. Theorem 3.7, which is the main result of this note, gives these local determinant groups at all places. With Shimura's result and the local determinant groups at hand, Section 4 gives an algorithm to compute representative lattices for the special genera in any given genus of hermitian lattices.
Hermitian spaces
In this section, we collect some basic results and definitions on lattices in hermitian spaces. Let o be a Dedekind ring with field of fractions K such that the characteristic of K is different from 2. Further, let E = K[X]/(X 2 − a) be an etale K-algebra of dimension 2 and let : E → E be the K-linear automorphism of E with fixed field K. We denote by Nr : E → K, α → αα and Tr : E → K, α → α + α the norm and the trace of the K-algebra E. Let O = {α ∈ E | Tr(α) ∈ o and Nr(α) ∈ o} be the integral closure of o in E and denote by
Let (V, Φ) be a hermitian space over E, i.e. a finitely generated free E-module V and a map Φ : V ×V → E such that for all v, v ′ , w, w ′ ∈ V and α, β ∈ E the following conditions hold:
The unitary and special unitary groups of (V, Φ) are
Given a basis (x 1 , . . . , x m ) of (V, Φ) over E, let (Φ(x i , x j )) i,j ∈ E m×m be the associated Gram matrix and
be the determinant of (V, Φ). It does not depend on the chosen basis.
are called the scale and the norm of L respectively. For x, y ∈ L we have 
Hermitian lattices over local rings
Let K, E, o, O and (V, Φ) be as in Section 2. We now assume o to be the valuation ring of a complete discrete surjective valuation ord: K → Z ∪ {∞}. The maximal ideal of o will be denoted by p. The purpose of this section is to describe the determinants of the automorphisms of O-lattices in V .
If E ∼ =K ⊕ K is split, let P = pO otherwise let P be the maximal ideal of O. In both cases, P is the largest proper ideal of O over p that is invariant under . Hence D = P e for some integer e ≥ 0. If E/K is a ramified field extension, we need to distinguish two cases:
( [7] shows that one may assume that ord(u − 1) = 2k + 1 for some integer 1 ≤ k ≤ ord (2) .
−2k . In particular, e = 2 ord(2) − 2k is even.
Note that the second case can only occur if E/K is wildly ramified, i.e. E/K is ramified and ord(2) > 0.
Proof. Suppose first that π is the prime element form the discussion just before this lemma. One checks that π − π generates D in both cases. The fact that O = o ⊕ πo shows that any γ ∈ O is of the form γ = a + bπ with a, b ∈ o. Then
Suppose now γ is a prime element of O. Then ord(a) > ord(b) = 0 and thus
The isometry classes of O-lattices in V were described by R. Jacobowitz in [3] , see also [4] . This classification is not needed for our purposes. We only make us of the following two results.
Proof. See for example [3, Proposition 4.3] .
If E/K is ramified, let π ∈ O be the prime element from above. For i ∈ Z, we denote by H(i) a binary hermitian lattice over O with Gram matrix
For an integer r ≥ 0 let H(i) r denote the orthogonal sum of r copies of H(i).
Then ρ defines a map on the set of all O-lattices in V . It generalizes the maps defined by L. Gerstein in [2] to hermitian spaces. They are similar in nature to the p-mappings introduced by G. Watson in [11] . Since isometries of L also preserve L # and commute with sums and intersections,
We consider the following subgroups of O * .
be its determinant group. It is a subgroup of E 0 .
Remark 3.4. Suppose E/K is ramified. Hilbert 90 shows that the homomorphism
For an anisotropic vector v ∈ (V, Φ) and a scalar δ ∈ E of norm 1, we define the corresponding quasi-reflection
Note that τ x,δ (x) = δx and τ x,δ is the identity on {v ∈ V | Φ(v, x) = 0}. Hence τ x,δ ∈ U(V, Φ) and det(τ x,δ ) = δ. Finally, we set e ′ = max(0, e − 1) = e − 1 if E/K is ramified, 0 otherwise.
Proof. Only the case that E/K is ramified requires proof. By Hilbert 90, every element of E 0 is of the form β/β for some β ∈ E * with v(β) ∈ {0, 1}. Suppose γ ∈ O * and let π be any prime element of O. Lemma 3.1 shows that
The result follows.
Hence τ x,δ ∈ Aut(L) and thus δ ∈ E(L).
We are now ready to give our main result.
for all i. Corollary 3.6 shows that this is only possible if E/K is ramified and D s(L i ) = n(L i ). By Proposition 3.3 this implies that L i ∼ =H(si) for some integer s i with s i ≡ e (mod 2). Conversely assume that E/K is ramified, m is even and L ∼ = ⊥ m/2 i=1 H(s i ) with e ≡ s i (mod 2) for all i. After rescaling L we may assume that s i ≥ 0 for all i. Let j ∈ {0, 1} such that j ≡ e (mod 2). Repeated application of the map ρ from Eq. (3.1) yields some O-lattice M in V such that Aut(L) ⊆ Aut(M ) and M ∼ =H(j) m/2 . By Corollary 3.6 it suffices to show that E(M ) ⊆ E 1 . There exists some element α ∈ E such that α = −α and ord P (α) = j. Then H(j) ∼ = 0 α −α 0 by Proposition 3.3. Lemma 3.1 shows that
is a well defined symplectic form over O/DO. Since automorphisms of such forms have determinant one, we conclude that det(ϕ) ≡ 1 (mod D) for all ϕ ∈ Aut(M ). Hence E(M ) ⊆ E 1 by Lemma 3.5.
In [10, Proposition 4.18] G. Shimura works out the group E(L) for maximal lattices L. We recover his result from Theorem 3.7. 
Special genera of hermitian lattices over number fields
In this section we assume that K and E are both algebraic number fields with ring of integers o and O respectively.
Let p be a maximal ideal of o. The completions of K and o at p will be denoted by K p and o p . More generally, given a vector space V over K and an o-module L,
Let (V, Φ) be a hermitian space over E of rank at least 2 and let L be an O-lattice in V . The space (V, Φ) is called definite, if K is totally real and there exists some a ∈ K * such that aΦ(x, x) is totally positive for every nonzero vector x ∈ V . Otherwise (V, Φ) is called indefinite. By linearity, Φ extends to V p . This yields a hermitian space (V p , Φ) over the etale 
with ϕ p ∈ SU(V, Φ) for every maximal ideal p of o. The genus and special genus of L will be denoted by gen(L) and sgen(L) respectively.
It is well known that the genus of L is a union of finitely many special genera and each special genus decomposes into finitely many isometry classes. The special genera in gen(L) were described by G. Shimura [10] in terms of the local determinant groups E(L p ). To state his result, some more notation is needed:
• I denotes the group of fractional ideals of O.
• J = {A ∈ I | AA = O} and J 0 = {αO | α ∈ E * and Nr(α) = 1} ⊆ J 0 .
• C = I/{αO | α ∈ E * } denotes the class group of O. • C 0 = {[A] ∈ C | A = A} is the subgroup of C generated by the image of the class group of o in C and {[P] ∈ C | P ∈ I a prime ideal that ramifies over K} .
• P (L) is the set of all prime ideals of o such that E(
Nr(e) = 1}.
• Given a maximal ideal P of O, define an element c(P) ∈ E(L) by 
where
Proof. See [10, Theorem 5.24 and its proof 5.28].
The decomposition given in Theorem 4.3 can be made explicit using Kneser's concept of neighbours, see also [9] . Definition 4.4. Let P be a maximal ideal of O and let
Lemma 4.5. Let P be a maximal ideal of O and set p = P ∩ o. Suppose L p is modular and if p is ramified in E, then 2 / ∈ p. Further, let Ψ denote the bijection from Theorem 4.3.
( 
. Then E p /K p is necessarily ramified and there exists some prime element π ∈ O p such that π = −π. Loc. cit. show that there exists a decomposition
The group J is infinite, which makes Theorem 4.3 difficult to use in practise. For algorithmic purposes, there is a more convenient description of (J × E(L))/H(L). To this end, fix some fractional ideals
. Remark 4.2 shows that there exists some α i,j ∈ E * with Nr(α i,j ) = 1 such that
The example at the end of this section shows that G(L) does not need to be a split extension of E(L)/R(L) by C/C 0 .
Lemma 4.6 (Shimura). The map
with α ∈ E * an arbitrary element of norm 1, is an isomorphism of groups. In particular, the number of special genera in gen(L) equals
Proof. The map is well-defined and bijective by [10, 5.28] . It is a group homomorphism by the choice of G(L).
The group G(L) and the isomorphism ψ from Lemma 4.6 yield the following method to decompose a genus into its special genera.
Using Lemma 4.6, find prime ideals P 1 , . . . ,
6:
Let o i be the order of g i in G(L)/ g 1 , . . . , g i−1 .
7:
end for 10: end for
Proof of correctness.
. Hence Theorem 3.7 and Lemma 4.6 imply that the lattices in S represent each special genus in gen(L) exactly once.
The previous algorithms shows how to split a genus into special genera. To decompose a genus into isometry classes, it remains to describe how to decompose a special genus into isometry classes: 
